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Abstract
We study the properties of the third order sequence (wn) = (wn(a, b, c; r, s, t)) defined
by the recurrence relation wn = rwn−1 + swn−2 + twn−3 (n ≥ 3) with w0 = a, w1 =
b, w2 = c, where a, b, c, r, s and t are arbitrary complex numbers and t 6= 0.
Properties examined include the partial sum of the terms of the sequence, with indices
in arithmetic progression, as well as double binomial summation identities.
1 Introduction and preliminary results
We wish to study the properties of the linear homogeneous third order sequence (wn) =
(wn(a, b, c; r, s, t)) defined by the recurrence relation
wn = rwn−1 + swn−2 + twn−3 (n ≥ 3) ; (1.1)
with w0 = a, w1 = b, w2 = c, where a, b, c, r, s and t are arbitrary complex numbers, with
t 6= 0.
The sequence (wn) and its special cases have been studied by various authors, notably
Jarden [4], Shannon and Horadam [7], Yalavigi [9], Pethe [5], Gerdes [2], Waddil [8] and
Rabinowitz [6]. Our main aim here is to develop presumably new properties of (wn). Chief
among these are the partial sum of the terms of the sequence, with indices in arithmetic
progression, double binomial summation identities and multiple argument formulas.
The table below shows some special cases of (wn), the first four of which are now well known
in the literature.
Name a b c r s t
Tribonacci, Tn 0 1 1 1 1 1
Tribonacci-Lucas, Kn 3 1 3 1 1 1
Padovan, Pn 1 1 1 0 1 1
Perrin, Qn 3 0 2 0 1 1
Generalized Tribonacci, Tn a b c 1 1 1
Generalized Padovan, Pn a b c 0 1 1
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Let α, β and γ be the zeroes (assumed all distinct) of the characteristic polynomial
x3 − rx2 − sx− t of the sequence (wn). Then,
α + β + γ = r, αβγ = t, αβ + αγ + βγ = −s . (1.2)
Standard methods for solving difference equations give
wn = Aα
n +Bβn + Cγn , (1.3)
where
A =
β(aγ − b) + c− bγ
(α− β)(α− γ)
, B =
γ(aα− b) + c− bα
(β − α)(β − γ)
, C =
α(aβ − b) + c− bβ
(γ − α)(γ − β)
. (1.4)
Three important particular cases of (wn) are (un(r, s, t)), (vn(r, s, t)) and (zn(r, s, t)), with
terms given by un(r, s, t) = wn(0, 1, r; r, s, t), vn(r, s, t) = wn(3, r, r
2+2s; r, s, t) and zn(r, s, t) =
wn(1, 1, 1; r, s, t). Thus,
un = A
′αn +B′βn + C ′γn , (1.5)
vn = α
n + βn + γn (1.6)
and
zn = A
′′αn +B′′βn + C ′′γn ; (1.7)
where
A′ =
α
(α− β)(α− γ)
, B′ =
β
(β − α)(β − γ)
, C ′ =
γ
(γ − α)(γ − β)
, (1.8)
and
A′′ =
(γ − 1)(β − 1)
(α− β)(α− γ)
, B′′ =
(γ − 1)(α− 1)
(β − α)(β − γ)
, C ′′ =
(α− 1)(β − 1)
(γ − α)(γ − β)
. (1.9)
Note that Tn = un(1, 1, 1), Kn = vn(1, 1, 1), Pn = zn(0, 1, 1) and Qn = vn(0, 1, 1).
Extension of the definition of (wn) to negative indices is provided by writing the recurrence
relation as
w−n = (w−(n−3) − rw−(n−2) − sw−(n−1))/t . (1.10)
The table below shows the first few terms of the sequences (un), vn and (zn):
n −2 −1 0 1 2 3 4
un 1/t 0 0 1 r r
2 + s r3 + 2rs+ t
vn (s
2 − 2rt)/t2 −s/t 3 r r2 + 2s r3 + 3rs+ 3t r4 + 4sr2 + 4rt+ 2s2
zn ((t− s)(1− r) + s
2)/t2 (1− r − s)/t 1 1 1 t+ r + s (t + s)(1 + r) + r2
The identities in (1.2) and identity (1.6) can be collected as
αn + βn + γn = vn , (1.11)
(αβγ)n = tn (1.12)
and
(αβ)n + (αγ)n + (βγ)n =
(αβγ)n
γn
+
(αγβ)n
βn
+
(βγα)n
αn
= tnv−n . (1.13)
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Theorem 1. The following identity holds for integers n and m:
wn+m = unwm+1 + (un+1 − run)wm + tun−1wm−1 .
In particular, we have
wn = bun + (c− br)un−1 + atun−2 (1.14)
which also gives
vn = run + 2sun−1 + 3tun−2 , (1.15)
zn = un + (1− r)un−1 + tun−2 (1.16)
and
αn = un−1α
2 + (un − run−1)α+ tun−2 ; (1.17)
with similar expressions for βn and γn.
Proof. We seek to express a number from the (wn) sequence as a linear combination of
three numbers from the (un) sequence. Let
wm+n = f1un + f2un−1 + f3un−2 , (1.18)
where the coefficients f1, f2 and f3 are to be determined. Setting n = 0, n = 1 and n = 2,
in turn, we find f1 = wm+1, f2 = wm+2 − rwm+1 and f3 = twm and the identity of the
theorem is established after shifting the indices m and n.
Note that identity(1.17) follows from the fact that the sequences (αn), (βn) and (γn) are
also special cases of the generalized sequence (wn).
The identities below, in Theorem 2, based on identities (1.6) and (1.17), make it possible
to access the negative index terms of (wn) and the special cases directly, without using the
recurrence relation (1.10).
Lemma 1. Let a0, a1, a2, · · · , an and b0, b1, b2, · · · , bn be rational numbers. Let λ1, λ2,
· · · , λn be linearly independent irrational numbers. Then
a0 + a1λ1 + a2λ2 + · · ·+ anλn = b0 + b1λ1 + b2λ2 + · · ·+ bnλn
implies that a0 = b0, a1 = b1, a2 = b2, · · · , an = bn.
Theorem 2. The following identities hold for any integer n:
u−n = (u
2
n−1 − unun−2)/t
n−1 , (1.19)
v−n = (v
2
n − v2n)/(2t
n) . (1.20)
Proof. Since α and α2 are linearly independent irrationals, write
α−n = c1α
2 + c2α+ c3 , (1.21)
where n is an integer and c1, c2 and c3 are to be determined. Thus, we have
1 = c1α
n+2 + c2α
n+1 + c3α
n
= α2(c1fn+2 + c2fn+1 + c3fn) + α(c1gn+2 + c2gn+1 + c3gn)
+ (c1hn+2 + c2hn+1 + c3hn) ,
(1.22)
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where we have used identity (1.17) with fn = un−1, gn = un − run−1 and hn = tun−2.
From Lemma 1 and identity (1.22) we have
fn+2c1 + fn+1c2 + fnc3 = 0 ,
gn+2c1 + gn+1c2 + gnc3 = 0
and
hn+2c1 + hn+1c2 + hnc3 = 1 ,
to be solved simultaneously for the coefficients c1, c2 and c3.
We find
c1 =
gnfn+1 − fngn+1
∆n
, (1.23)
where
∆n =
∣∣∣∣∣∣
fn+2 fn+1 fn
gn+2 gn+1 gn
hn+2 hn+1 hn
∣∣∣∣∣∣ . (1.24)
Now, from (1.17), we have
α−n = f−nα
2 + g−nα + h−n . (1.25)
Equating coefficients of α2 from (1.21) and (1.25), using (1.23), and shifting index gives
f−n+1 =
gn−1fn − fn−1gn
∆n−1
, (1.26)
so that we have
u−n =
u2n−1 − unun−2
∆n−1
. (1.27)
Application of the principle of mathematical induction shows that ∆n = t
n and identity
(1.19) follows.
We have
v2n = (α
n + βn + γn)2
= α2n + β2n + γ2n + 2((αβ)n + (αγ)n + (βγ)n)
= α2n + β2n + γ2n + 2tn(γ−n + β−n + α−n)
= v2n + 2t
nv−n ,
from which identity (1.20) follows.
Use of (1.19) in (1.14) gives
w−n =
bt(u2n−1 − unun−2) + (c− br)(u
2
n − un+1un−1) + a(u
2
n+1 − un+2un)
(bun + (c− br)un−1 + atun−2) tn
wn . (1.28)
We require the following identities in the sequel:
Lemma 2. The following identities hold for arbitrary x1, x2, x3:
x21 + x
2
2 + x
2
3 = (x1 + x2 + x3)
2 − 2(x1x2 + x1x3 + x2x3) , (1.29)
x31 + x
3
2 + x
3
3 = (x1 + x2 + x3)
3 − 3(x1 + x2 + x3)(x1x2 + x1x3 + x2x3) + 3x1x2x3 , (1.30)
and
x41 + x
4
2 + x
4
3 = (x1 + x2 + x3)
4 − 4(x21 + x
2
2 + x
2
3)(x1x2 + x1x3 + x2x3)
− 6((x1x2)
2 + (x1x3)
2 + (x2x3)
2)− 8x1x2x3(x1 + x2 + x3) .
(1.31)
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Lemma 3. The following identity holds for integers n and m and arbitrary x1, x2, x3, c1,
c2 and c3:
c1x
n+m
1 + c2x
n+m
2 + c3x
n+m
3 = (x
m
1 + x
m
2 + x
m
3 )(c1x
n
1 + c2x
n
2 + c3x
n
3 )
− ((x1x2)
m + (x1x3)
m + (x2x3)
m)(c1x
n−m
1 + c2x
n−m
2 + c3x
n−m
3 )
+ c1x
n−m
1 (x2x3)
m + c2x
n−m
2 (x1x3)
m + c3x
n−m
3 (x1x2)
m .
Lemma 4. The following identity holds for integers m, n and k and arbitrary c1, c2, c3,
x1, x2 and x3:
k∑
j=0
(c1x
mj+n
1 + c2x
mj+n
2 + c3x
mj+n
3 )h
j
= (x1x2x3)
m c1x
mk+n
1 + c2x
mk+n
2 + c3x
mk+n
3
(x1x2x3)mh3 − ((x1x3)m + (x2x3)m + (x1x2)m)h2 + (xm1 + x
m
2 + x
m
3 )h− 1
hk+3
−
(xm1 + x
m
2 + x
m
3 )(c1x
mk+m+n
1 + c2x
mk+m+n
2 + c3x
mk+m+n
3 )
(x1x2x3)mh3 − ((x1x3)m + (x2x3)m + (x1x2)m)h2 + (x
m
1 + x
m
2 + x
m
3 )h− 1
hk+2
+
(c1x
mk+2m+n
1 + c2x
mk+2m+n
2 + c3x
mk+2m+n
3 )
(x1x2x3)mh3 − ((x1x3)m + (x2x3)m + (x1x2)m)h2 + (xm1 + x
m
2 + x
m
3 )h− 1
hk+2
+
c1x
mk+m+n
1 + c2x
mk+m+n
2 + c3x
mk+m+n
3
(x1x2x3)mh3 − ((x1x3)m + (x2x3)m + (x1x2)m)h2 + (xm1 + x
m
2 + x
m
3 )h− 1
hk+1
− (x1x2x3)
m c1x
n−m
1 + c2x
n−m
2 + c3x
n−m
3
(x1x2x3)mh3 − ((x1x3)m + (x2x3)m + (x1x2)m)h2 + (xm1 + x
m
2 + x
m
3 )h− 1
h2
+
(xm1 + x
m
2 + x
m
3 )(c1x
n
1 + c2x
n
2 + c3x
n
3 )− (c1x
n−m
1 + c2x
n−m
2 + c3x
n−m
3 )
(x1x2x3)mh3 − ((x1x3)m + (x2x3)m + (x1x2)m)h2 + (xm1 + x
m
2 + x
m
3 )h− 1
h
−
c1x
n
1 + c2x
n
2 + c3x
n
3
(x1x2x3)mh3 − ((x1x3)m + (x2x3)m + (x1x2)m)h2 + (xm1 + x
m
2 + x
m
3 )h− 1
.
Proof. The identity expresses the linear combination of the following geometric progression
summation identities:
k∑
j=0
xmj+n1 h
j =
xmk+m+n1 h
k+1 − xn1
xm1 h− 1
,
k∑
j=0
xmj+n2 h
j =
xmk+m+n2 h
k+1 − xn2
xm2 h− 1
and
k∑
j=0
xmj+n3 h
j =
xmk+m+n3 h
k+1 − xn3
xm3 h− 1
.
Lemma 5 ([1, Lemma 5]). Let (Xn) be any arbitrary sequence, Xn satisfying a four-term
recurrence relation hXn = f1Xn−c1+f2Xn−c2+f3Xn−c3, where h, f1, f2 and f3 are arbitrary
non-vanishing functions and c1, c2 and c3 are integers. Then, the following identities hold:
k∑
j=0
j∑
i=0
(
k
j
)(
j
i
)
fk−j3 f
k+j−i
2 f
i
1Xn−c3k+(c3−c2)j+(c2−c1)i = h
kfk2Xn , (1.32)
k∑
j=0
j∑
i=0
(
k
j
)(
j
i
)
fk−j2 f
k+j−i
3 f
i
1Xn−c2k+(c2−c3)j+(c3−c1)i = h
kfk3Xn , (1.33)
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k∑
j=0
j∑
i=0
(
k
j
)(
j
i
)
fk−j1 f
k+j−i
3 f
i
2Xn−c1k+(c1−c3)j+(c3−c2)i = h
kfk3Xn , (1.34)
k∑
j=0
j∑
i=0
(−1)i
(
k
j
)(
j
i
)
hifk−j3 f
j−i
2 Xn−(c3−c1)k+(c3−c2)j+c2i = (−f1)
kXn , (1.35)
k∑
j=0
j∑
i=0
(−1)i
(
k
j
)(
j
i
)
hifk−j3 f
j−i
1 Xn−(c3−c2)k+(c3−c1)j+c1i = (−f2)
kXn (1.36)
and
k∑
j=0
j∑
i=0
(−1)i
(
k
j
)(
j
i
)
hifk−j2 f
j−i
1 Xn−(c2−c3)k+(c2−c1)j+c1i = (−f3)
kXn . (1.37)
2 Main results
Theorem 3 (Partial sum of the terms of the w sequence with indices in arithmetic
progression). The following identity holds for integers m, n and k:
k∑
j=0
wn+jmh
j =
tmwn+kmh
k+3 − (vmwn+m+km − wn+2m+km)h
k+2
tmh3 − tmv−mh2 + vmh− 1
+
wn+m+kmh
k+1 − tmwn−mh
2 + (vmwn − wn+m)h− wn
tmh3 − tmv−mh2 + vmh− 1
.
Proof. Set (x1, x2, x3) = (α, β, γ) and (c1, c2, c3) = (A,B,C) in Lemma 4.
In particular, we have
k∑
j=0
wjh
j =
twkh
k+3 − (rwk+1 − wk+2)h
k+2 + wk+1h
k+1 − (c− rb− sa)h2 + (ra− b)h− a
th3 + sh2 + rh− 1
(2.1)
and
k∑
j=0
wj =
twk + (r − 1)(a+ b− wk+1) + wk+2 + as− c
r + s+ t− 1
. (2.2)
Rabinowitz [6, Identities (48), (49) and (50)] are special cases of the identity of Theorem 3.
Corollary 4 (Generating function for the w sequence with indices in arithmetic
progression). The following identity holds for integers m, n and k:
∞∑
j=0
wn+jmh
j =
wn − (vmwn − wn+m)h+ t
mwn−mh
2
1− vmh+ tmv−mh2 − tmh3
;
and in particular,
∞∑
j=0
wjh
j =
a− (ra− b)h + (c− rb− sa)h2
1− rh− sh2 − th3
. (2.3)
6
Theorem 5 (Exponential generating function for the w sequence with indices in
arithmetic progression). The following identity holds for integers m and n:
∞∑
j=0
wmj+nh
j
j!
= Aαneα
mh +Bβneβ
mh + Cγneγ
mh .
Theorem 6 (Partial sum of the squares of the terms of the v sequence, with
indices in arithmetic progression). The following identity holds for integers m, n and k:
k∑
j=0
v2mj+nh
j
=
t2mv2n+2kmh
k+3 − (v2mv2n+2m+2km − v2n+4m+2km)h
k+2
t2mh3 − t2mv−2mh2 + v2mh− 1
+
v2n+2m+2kmh
k+1 − t2mv2n−2mh
2 + (v2mv2n − v2n+2m)h− v2n
t2mh3 − t2mv−2mh2 + v2mh− 1
+
2t2m(v2n+km − v2n+2km)h
k+3
2t2mh3 − 2tmvmh2 + (v2m − v2m)h− 2
−
(v2m − v2m)(v
2
n+m+km − v2n+2m+2km)h
k+2
2t2mh3 − 2tmvmh2 + (v2m − v2m)h− 2
+
2(v2n+2m+km − v2n+4m+2km)h
k+2
2t2mh3 − 2tmvmh2 + (v2m − v2m)h− 2
+
2(v2n+m+km − v2n+2m+2km)h
k+1
2t2mh3 − 2tmvmh2 + (v2m − v2m)h− 2
−
2t2m(v2n−m − v2n−2km)h
2 + (v2n − v2n)(v
2
m − v2m)h
2t2mh3 − 2tmvmh2 + (v2m − v2m)h− 2
−
2(v2n+m − v2n+2m)h+ 2(v
2
n − v2n)
2t2mh3 − 2tmvmh2 + (v2m − v2m)h− 2
.
Proof. Replace n with n +mj in identity (1.20), multiply through by hj and sum over j,
obtaining
k∑
j=0
v2n+mjh
j =
k∑
j=0
v2n+2mjh
j + 2tn
k∑
j=0
v−n−mj(t
mh)j .
Now make use of Theorem 3 to evaluate the sums on the right hand side.
Corollary 7 (Generating function for the squares of the terms of the v sequence,
with indices in arithmetic progression). The following identity holds for integers m,
n and k:
∞∑
j=0
v2mj+nh
j = −
t2mv2n−2mh
2 − (v2mv2n − v2n+2m)h+ v2n
t2mh3 − t2mv−2mh2 + v2mh− 1
−
2t2m(v2n−m − v2n−2km)h
2 + (v2n − v2n)(v
2
m − v2m)h
2t2mh3 − 2tmvmh2 + (v2m − v2m)h− 2
−
2(v2n+m − v2n+2m)h+ 2(v
2
n − v2n)
2t2mh3 − 2tmvmh2 + (v2m − v2m)h− 2
.
Theorem 8 (Partial sum of the products of the terms of the u sequence and the
v sequence, with indices in arithmetic progression). The following identity holds for
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integers m, n:
k∑
j=0
un+mjvn+mjh
j
=
t2mu2n+2kmh
k+3 − (v2mu2n+2m+2km − u2n+4m+2km)h
k+2
t2mh3 − t2mv−2mh2 + v2mh− 1
+
u2n+2m+2kmh
k+1 − t2mu2n−2mh
2 + (v2mu2n − u2n+2m)h− u2n
t2mh3 − t2mv−2mh2 + v2mh− 1
−
t2m(u2n+2mk − un+mkvn+mk)h
k+3
t2mh3 − tmvmh2 + tmv−mh− 1
+
tmv−m(u2n+2m+2mk − un+m+mkvn+m+mk)h
k+2
t2mh3 − tmvmh2 + tmv−mh− 1
−
(u2n+4m+2mk − un+2m+mkvn+2m+mk)h
k+2
t2mh3 − tmvmh2 + tmv−mh− 1
−
(u2n+2m+2mk − un+m+mkvn+m+mk)h
k+1
t2mh3 − tmvmh2 + tmv−mh− 1
+
t2m(u2n−2m − un−mvn−m)h
2
t2mh3 − tmvmh2 + tmv−mh− 1
−
(tmv−m(u2n − unvn)− u2n+2m + un+mvn+m)h
t2mh3 − tmvmh2 + tmv−mh− 1
+
u2n − unvn
t2mh3 − tmvmh2 + tmv−mh− 1
Proof. Replace n with n +mj in identity (2.12), multiply through by hj and sum over j,
obtaining
k∑
j=0
un+mjvn+mjh
j =
k∑
j=0
u2n+2mjh
j − tn
k∑
j=0
u−n−mj(t
mh)j .
Now make use of Theorem 3 to evaluate the sums on the right hand side.
Corollary 9 (Generating function for the products of the terms of the u sequence
and the v sequence, with indices in arithmetic progression). The following identity
holds for integers m, n:
∞∑
j=0
un+mjvn+mjh
j
= −
t2mu2n−2mh
2 − (v2mu2n − u2n+2m)h+ u2n
t2mh3 − t2mv−2mh2 + v2mh− 1
+
t2m(u2n−2m − un−mvn−m)h
2
t2mh3 − tmvmh2 + tmv−mh− 1
−
(tmv−m(u2n − unvn)− u2n+2m + un+mvn+m)h
t2mh3 − tmvmh2 + tmv−mh− 1
+
u2n − unvn
t2mh3 − tmvmh2 + tmv−mh− 1
Theorem 10 (Multiple argument formulas for the v sequence). The following iden-
tities hold for integer n:
v2n = unvn+1 + (un+1 − run)vn + tun−1vn−1 , (2.4)
2v3n = 6t
n − v3n + 3unvnvn+1 + 3(un+1 − run)v
2
n + 3tun−1vn−1vn , (2.5)
2v4n = 2(un+1 − run)v
3
n + (2tun−1vn−1 + (un+1 − run)
2 + 2unvn+1)v
2
n
+ 2((un+1 − run)unvn+1 + 4t
n + tun−1vn−1(un+1 − run))vn
+ t2u2n−1v
2
n−1 + 2tunvn+1un−1vn−1 + u
2
nv
2
n+1 − v
4
n .
(2.6)
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Proof. Identity (2.4) is obtained by setting m = n in the identity of Theorem 1 with
(wn) = (vn). Identities (2.5) and (2.6) come from Lemma 2, identities (1.30) and (1.31)
respectively, by setting (x1, x2, x3) = (α, β, γ).
Theorem 11 (An identity for the u sequence). The following identity holds for inte-
ger n:
tn = t3u3n−2 + t(un − run−1)
3 + t2u3n−1
+ tun−1(un − run−1)(−sun−1 + r(un − run−1))
+ run−2(un − run−1)(tun−1 + un−2)
+ t2(r2 + 2s)un−1u
2
n−2 − t(r
3 + 3rs+ 3t)un−1un−2(un − run−1)
− sun−2(un − run−1)
2 + t(s2 − 2rt)un−2u
2
n−1 .
Proof. This identity comes from multiplying out αnβnγn, using identity (1.17) and the
corresponding βn and γn identities.
Theorem 12 (An identity for the v sequence). The following identity holds for inte-
ger n:
t−n(v3n − v3n) = t
n(v3
−n − v−3n) .
Proof. Setting (x1, x2, x3) = (α, β, γ) in identity (1.30), Lemma 2 gives
t−nv3n = t
−nv3n − 3vnv−n + 3 , (2.7)
which, by replacing n with −n also means
tnv−3n = t
nv3
−n − 3vnv−n + 3 , (2.8)
and hence the identity of the theorem.
Theorem 13 (An identity for the w sequence). The following identity holds for integers
n and m:
wn+m = vmwn − t
mv−mwn−m + t
mwn−2m , (H)
or, by employing identity (1.20),
2wn+m = 2vmwn − (v
2
m − v2m)wn−m + 2t
mwn−2m . (2.9)
Proof. Set (x1, x2, x3) = (α, β, γ) and (c1, c2, c3) = (A,B,C) in Lemma 3.
Identity (H) was discovered by Howard [3]. However, the proof here is much simpler than
the one given by Howard.
Setting m = n in identity (2.9) gives
w−n =
2w2n − 2vnwn + a(v
2
n − v2n)
2tn
, (2.10)
which is a simpler alternative to identity (1.28) for the direct access to negative index terms
of the w sequence.
From identity (H) we get
un+m = vmun − t
mv−mun−m + t
mun−2m , (2.11)
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which gives
u−n = (u2n − unvn)/t
n (2.12)
at m = n and
u−n = (u2n−3 − un−2vn−1)/t
n−1 (2.13)
at m = n+ 1.
Setting n = 2m, and n = 2m− 1, in turn, in (2.11) and changing index back to n, we have
v−n =
u2nvn − u3n
tnun
, n /∈ {−1, 0} , (2.14)
and
v−n =
u2n−1vn − u3n−1
tnun−1
, n /∈ {0, 1} . (2.15)
Theorem 14 (Reciprocal sums involving the u sequence). The following identities
hold for integers k and n for which the summand is non-singular in the summation interval:
un+1un−k
k∑
j=0
tjuk−n−j−1
un−k+jun−k+j+1
= tk−n(unun−k − un+1un−k−1) , (2.16)
unun−k−1
k∑
j=0
tjuk−n−j−1
un−k+jun−k+j−1
= tk−n(unun−k − un+1un−k−1) . (2.17)
Proof. Division through identity (1.19) by unun−1 and a shift of index gives
tnu−n−1
unun+1
=
un
un+1
−
un−1
un
, (2.18)
from which identity (2.16) follows by telescoping summation.
Theorem 15 (Double binomial summation identities invoked by the definition
of the generalized third order sequence). The following identities hold for positive
integer k and integers m and n:
k∑
j=0
j∑
i=0
(
k
j
)(
j
i
)
tk−jsk+j−iriwn−3k+j+i = s
kwn , (2.19)
k∑
j=0
j∑
i=0
(
k
j
)(
j
i
)
sk−jtk+j−iriwn−2k−j+2i = t
kwn , (2.20)
k∑
j=0
j∑
i=0
(
k
j
)(
j
i
)
rk−jtk+j−isiwn−k−2j+i = t
kwn , (2.21)
k∑
j=0
j∑
i=0
(−1)i
(
k
j
)(
j
i
)
tk−jsj−iwn−2k+j+2i = (−r)
kwn , (2.22)
k∑
j=0
j∑
i=0
(−1)i
(
k
j
)(
j
i
)
tk−jrj−iwn−k+2j+i = (−s)
kwn , (2.23)
k∑
j=0
j∑
i=0
(−1)i
(
k
j
)(
j
i
)
sk−jrj−iwn+k+j+i = (−t)
kwn . (2.24)
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Proof. The identities follow directly from Lemma 5 and the recurrence relation (1.1).
Theorem 16 (More double binomial summation identities involving third order
sequences). The following identities hold for positive integer k and integers m and n:
k∑
j=0
j∑
i=0
(−1)i
(
k
j
)(
j
i
)
(tum−1)
k−juk+j−im wn−k+2j+(m−1)i = (um+1−rum)
k(−um)
kwn , (2.25)
k∑
j=0
j∑
i=0
(−1)i
(
k
j
)(
j
i
)
uk−jm (tum−1)
k+j−iwn+k−2j+(m+1)i = (um+1 − rum)
k(−tum−1)
kwn ,
(2.26)
k∑
j=0
j∑
i=0
(−1)j
(
k
j
)(
j
i
)
(tum−1)
k+j−iuimwn+mk−(m+1)j+2i = (um+1 − rum)
k(tum−1)
kwn ,
(2.27)
k∑
j=0
j∑
i=0
(
k
j
)(
j
i
)
(tum−1)
k−juj−im (um+1 − rum)
iwn−(m+1)k+2j−i = wn , (2.28)
k∑
j=0
j∑
i=0
(−1)i+j
(
k
j
)(
j
i
)
(tum−1)
k−j(um+1 − rum)
iwn−2k+(m+1)j−mi = (−1)
kukmwn (2.29)
and
k∑
j=0
j∑
i=0
(−1)i+j
(
k
j
)(
j
i
)
uk−jm (um+1 − rum)
iwn+2k+(m−1)j−mi = (−1)
k(tum−1)
kwn . (2.30)
Proof. Write the identity of Theorem 1 as
(um+1 − rum)wn = wn+m − umwn+1 − tum−1wn−1 .
Identify h = um+1 − rum, f1 = 1, f2 = −um, f3 = tum−1, c1 = −m, c2 = −1 and c3 = 1
and use these in Lemma 5.
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